Abstract-Heterogeneity in the electrical action potential (AP) properties can provide a substrate for atrial arrhythmias, especially at rapid pacing rates. In order to quantify such substrates, we develop a family of detailed AP models for canine atrial cells. An existing model for the canine right atrial (RA) myocyte was modified based on electrophysiological data from dog to create new models for the canine left atrium (LA), the interatrial Bachmann's bundle (BB), and the pulmonary vein (PV). The heterogeneous AP models were incorporated into a tissue strand model to simulate the AP propagation, and used to quantify conditions for conduction abnormalities (primarily, conduction block at rapid pacing rated) in the canine atria.
Computational modelling provides a framework for integrating such heterogeneous data and understanding the resultant arrhythmogenic behaviour [10] [11] [12] . Given the lack of data on the ionic heterogeneity in human atria, animal models offer the most sensible route to such a computational study. Despite availability of electrophysiological data [13] , smaller rabbit atria cannot normally sustain AF [14] . Dog, the species most widely used in experimental AF studies [5] , provides an extensive variety of data on atrial heterogeneity [7] [8] [9] [10] 15] . Therefore, canine models can help provide novel insights into translational mechanisms of atrial arrhythmias.
The aim of this paper is to develop and study a family of canine models accounting for the ionic and AP heterogeneity between the right (RA) and left (LA) atria, the Bachmann's bundle (BB) and pulmonary veins (PV). An existing model for a canine RA myocyte [10] is modified based on available electrophysiological ionic channel and AP data [8] [9] [10] 15] . The resultant single cell AP models are incorporated into an atrial tissue model to study the AP conduction and quantify the relationships between the electrical heterogeneity and conduction abnormalities in the canine atria.
II. METHODS

A. Model Development
The dynamics of electrical excitation in atrial tissues can be described by the following well-known equation [10] [11] [12] [13] :
Here V (mV) is the membrane voltage,  is a spatial gradient operator, t is time (s), D is a diffusion coefficient (mm 2 ms -1
) that characterizes electrotonic spread of voltage via gap junctional coupling, I ion is the total membrane ionic current (pA), and C m (pF) is the membrane capacitance.
A biophysically detailed model describing individual ionic channel currents (such as I Na , I CaL , I to , I Kr , I Ks , I K1 ) comprising I ion has been developed for a canine RA cell [10] . The model accurately reproduces the voltage-clamp data on which it has been based, and provides feasible morphologies for the AP in several distinctive types of RA cells. However, the model [10] does not account for heterogeneities between (i) RA and LA cells, (ii) both atria and the interatrial connection via BB, and (iii) LA and myocardial sleeves of the PV. All these heterogeneities are believed to play important roles in atrial arrhythmogenesis [ [8] [9] [10] 15] . In cases when canine data is limited (e.g., the BB), we used well-documented data from rabbit [13] ; using cross-species data is an accepted practice in cardiac modelling in situations where complete data from a single species are not available [11, 18] .
Eq. (1) is used to simulate AP propagation in respective 1D atrial tissues. The diffusion coefficient is set to the value D = 0.2 mm 2 ms -1 , which produces the AP conduction velocity of ~0.65 m/s, as seen in experiments [17] . Eq. (1) is solved using the explicit Euler's method with time and space steps ∆t = 0.005 ms and ∆x = 0.2 mm, respectively. Fig. 1 shows electrophysiological differences between the LA and RA observed experimentally in canine atria [8] .
B. Atrial Heterogeneities
Recordings from canine atrial cells have shown insignificant differences in the current densities of I CaL , I Ks , I K1 and I to between the LA and RA; the only significant difference in the ionic channel properties between the two atria is in the current density of the rapid delayed rectifier current, I Kr [8] .
Therefore, the conductance of I Kr in the RA cell model [10] was increased to reproduce the higher current density in the LA cells ( Fig. 1) , as observed experimentally [8] . The AP morphology produced by the resultant LA cell model ( Fig. 1 ) was also in agreement with experimental data from dog [8] . Fig. 2 shows heterogeneity between the RA and BB cells. Experimental data from rabbit [13] shows large differences in the ionic channel current densities of I CaL and I K1 , as well as small differences in the current density of I to , between the RA and BB cells (Fig. 2) . As a result, the AP in the BB cells is significantly longer than that in RA cells (Fig. 2) , as seen experimentally in rabbit [13] and dog [15] . Although the underlying ionic channel heterogeneity in dog has not been measured, it is not unreasonable to suggest that such heterogeneity is similar between the canine and rabbit cells. [13] . Middle: Respective differences introduced between the canine RA and BB cell models. Bottom: Resultant AP differences between the RA and BB models. AP morphology matches the respective experimental recordings [15] . Therefore, conductances of I CaL , I K1 and I to the canine RA cell model [10] were adjusted to qualitatively reproduce the experimentally observed differences in the current densities [13] and AP morphologies [15] between the RA and BB cells. Primarily, the conductance of I CaL was increased, and the conductance of I K1 was decreased in the RA cell model, which resulted in a higher current density I CaL and a lower current density of I K1 in the resultant BB cell model (Fig. 2) . Combination of these significant changes in I CaL and I K1 and a small decrease of I to in the BB cell model (as compared to RA) resulted in the AP morphology which was in a good agreement with the experimental recordings from dog [15] . Fig. 3 shows heterogeneity between the LA and PV cells observed in experiments from canine atria [9] . Primarily, significant differences in the current densities of I CaL , I Ks , I K1 and I to between the LA and PV cells result in different AP morphologies between these two cell-types. Therefore, we adjusted conductances of I CaL , I Ks , I K1 and I to in the canine LA cell model to reproduce the differences in ionic channel current densities [9] between the LA and PV cells (Fig. 3) ; the AP morphology produced by the resultant PV model was also in agreement with experimental data from dog [9] .
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III. RESULTS
A developed family of AP models for the canine RA, BB, LA and PV cells can be incorporated into heterogeneous atrial tissue models to study the unknown mechanisms of AP conduction abnormalities in the atria. Note that such abnormalities are often seen experimentally [15] [16] [17] [19] [20] .
The developed 1D atrial tissue strand model (see in Fig. 4 ) was stimulated periodically at the varying basic cycle length (BCL), which resulted in the AP conduction from the RA region into the BB (Fig. 4) . Stimulation at the physiological BCL of 600 ms resulted in continuous AP conduction through the strand: the AP conduction velocity in both the RA and BB regions had a uniform value of ~0.65 m/s. However, as the BCL was decreased to 220 ms, the AP conduction pattern became discontinuous (Fig. 4) : the AP conduction velocity in the RA regions decreased to ~0.62 m/s, whereas the AP velocity decrease in the BB region was much larger, down to ~0.33 m/s. Slowing of the AP conduction resulted in increasing time delays between APs recorded from the JT and BB regions (see in Fig. 4) .
Such a discontinuous conduction is underlain by the AP duration (APD) heterogeneity between the RA and BB cells. As the ADP in the BB cells is relatively long (~250 ms compared to ~170 ms in the RA), the BB region remains relatively refractory at the time when the AP reaches it -as a result, the AP slows down in this region. At the BCL of 200 ms, the AP conduction into the BB region is completely blocked (Fig. 4) , as the BB tissue is absolutely refractory. Such AP conduction slowing and blocking in the BB have been observed during experimental rapid pacing of canine atria [19] , as well as in patients suffering from AF [17, 20] .
IV. DISCUSSION
We have developed a new family of AP models for canine atrial cells (Figs. 1-3) , which incorporates experimental data on the ionic channel and AP heterogeneity in dog [8] [9] [10] 15] .
The single cell models were incorporated into a 1D tissue strand model to simulate the AP conduction and quantify links between the conduction abnormalities and underlying intrinsic heterogeneities in the canine atria (Fig. 4) . Abnormalities in the regions of rapid electrical conduction between the RA and LA -primarily, in the BB -have been associated with delayed activations of the atria and increased incidence of AF [17, 20] . Our simulations demonstrate that the intrinsic APD heterogeneity between the RA and BB cells (Fig. 2) can translate into slowing of the AP conduction velocity in regions with relatively long refractoriness. Such a slowing, and ultimately block, of the AP conduction occurs at rapid pacing rates characteristic of AF (Fig. 4) .
Experiments have shown that electrical heterogeneities near the canine PV sleeves can also result in the conduction discontinuities and even re-entrant waves [16, 21] . Our test simulations with a 1D tissue strand comprising of the LA and PV cells demonstrated that the intrinsic APD differences between them (Fig. 3) can result in a conduction block (not shown, similar to Fig. 4) . However, studying complex links between electrical heterogeneity and arrhythmic substrates at the PVs is beyond the scope of the present study.
Effects of the intrinsic cellular heterogeneities on the atrial AP conduction have been considered previously [22, 23] . However, interatrial heterogeneities in these studies were not based on relevant electrophysiological data. Ultimately, an efficient computational platform for studying the rapid atrial arrhythmias needs to include both the 3D features of atrial geometry [22, 23] and detailed AP models as developed in our study. Experiments aimed at reconstructing the geometry of the canine atria are in progress in our group. Thus, the next step of our model development will aim to build upon the results of the present study, and include the detailed 3D tissue anatomy into the next generation of atrial models.
